. We introduce the class S-KKM X, Y, Z consisting of all multifunctions T : Y ª 2 Z that have the S-KKM property and establish a fixed-point theorem for Ž . compact and closed T in S-KKM X, Y, Z that generalizes a large number of classical fixed-point theorems. We also deduce some KKM-type theorems with application to the generalizations of the Ky Fan matching theorem and the Fan᎐Browder fixed-point theorem. ᮊ 1999 Academic Press
If X and Y are subsets of a linear space, a multifunction F: X ª 2 Y Ž . ² : satisfying coA : F A for any A g X is called a KKM mapping, where coA denotes the convex hull of A. The most important result for KKM w x mappings is the famous Fan᎐KKM theorem 9, Lemma 1 , which has been used as a very versatile tool in modern nonlinear analysis and from which many far-reaching extensions have been made.
The generalization for the concept of KKM mappings was first introw x w x duced by Park 13 and followed by Chang and Zhang 5 and many others Ž w x . cf. 6, 7, 12 . w x Recently, Chang and Yen 7 made a systematic study of the class KKM Ž . X, Y , which is defined as follows.
Assume that X is a convex subset of a linear space and Y is a topological space. If Y contains KKM Y, Z for any S: X ª 2 . Section 3 is devoted to the establishment of some fixed-point theorems for multifunctions in S-Ž . KKM X, Y, Z . In Section 4, we deduce matching theorems and KKM-type theorems, extending some well-known results of Ky Fan and Park. For the last section, we apply a KKM-type theorem in Section 4 to the generalization of the Fan᎐Browder fixed-point theorem.
We now introduce the notations used in this paper and recall some basic facts. Throughout this paper, for a multifunction T : X ª 2 Y , the following notations are used:
Ž . Ž . i T A s D
Tx for A : X.
A convex space X is a nonempty convex subset of a linear space with any topology that induces the Euclidean topology on the convex hulls of its finite subsets. The convex hull of a finite subset of a convex space X is called a polytope in X.
For All topological spaces of concern in this paper are supposed to be Hausdorff.
Ž .

THE CLASS S-KKM X, Y, Z
To begin with, we introduce the following concept. Z satisfies the requirement that Ä for any generalized S-KKM mapping F with respect to T the family Fx: 4 x g X has the finite intersection property, then T is said to have the Ž . Ä S-KKM property. The class S-KKM X, Y, Z is defined to be the set T :
T has the S-KKM property .
In the case where X s Y and S is the identity mapping 1 , then Here we would like to remark that the inverse inclusion of the above w x proposition may not be true. For example, let X s Y s Z s 0, 1 and let S: X ª 2 X , T : X ª 2 X be defined by x Sx s for x g X , and
X is defined by Fx s Tx for each x g X, then F is a generalized KKM mapping with respect to T. Noting that Fx is closed for Ä 4 each x g X and the family Fx: x g X does not have the finite intersec-Ž . tion property, we conclude that T f KKM X, X .
In the remainder of this section we list some properties of the S-KKM class. 
is a normal space and ⌬ a polytope in X and if T : Y ª 2 Ž . satisfies the requirement that fT has a fixed point in coS
Proof. Part i is obvious. For ii , let F: X ª 2 be a generalized S-KKM mapping with respect to fT such that Fx is closed for each x in
4 Ä x g X has the finite intersection property, and so does the family Fx:
Ž .
Z
Finally, we prove iii . Let F: ⌬ ª 2 be a generalized S-KKM mapping Ä with respect to T such that Fx is closed for each x g ⌬. If the family Fx: 4 x g ⌬ does not have the finite intersection property, then there exists a Ä 4 ² :
which contradicts the fact that F is a generalized S-KKM mapping with
FIXED-POINT THEOREMS FOR MAPPINGS
IN S-KKM X, Y, Z
Suppose X and Y are topological spaces. Recall that a multifunction T :
X ª 2 is said to be compact if the image T X of X under T is contained in a compact subset of Y. T is said to be closed if its graph
We now prove the following lemma, which is the key to our main result in this section. 
Obviously, Fx is a nonempty closed subset of X for each x in X. Moreover, F is a generalized s-KKM mapping with respect to T. We prove Ä 4 ² : this by contradiction. Assume there is x , . . . , x g X such that
. , n , and then it follows easily that
In view of 3.1 and
This completes the proof. w x The above lemma is similar to one by Chang and Yen 7, Lemma 1 . But w x our proof is completely different from that in 7 , and the neighborhood V here is not assumed to be symmetric.
The following main result in this section comes out easily with the aid of the above lemma. 
Since T is compact, we may assume that y converges to some 
Ž .
w x Park 14 introduced the class U U to be the one satisfying the following:
Ž . i U U contains the class ‫ރ‬ of single-valued continuous functions.
ii each F g U U is u. 
ii T is compact and closed. 
In what follows we shall use Proposition 2.3 and Theorem 3.2 to derive a fixed-point theorem of the Leray᎐Schauder type. Before stating it, we Ž . 
Y F g A A X, Y m F is an approachable map; that is, F: X ª 2 is a Ž . nonempty compact-valued u.s.c. multifunction such that for any U g N N 0 
. Since X is convex and 0 g X, it is easy to see that f coT X Ž .
Ž . coT X for all S: coT X ª 2 such that S ⌬ is compact for any
Ž . Ž .
polytope ⌬ in coT X . In particular, letting S be the identity mapping Ž . 
. X, X , and so we conclude that T has a fixed point by Theorem 3.2. On Ž . Ž . the other hand, if Int X / , then choosing a g Int X , and replacing˜˜E˜Ž . X, T, and s by X [ X y a, T : X ª 2 : T x y a s Tx y a, and s:˜Ž . Ž . X ª X: s x y a s sx y a, respectively, we may assume 0 g Int X . Now, Ž . Ž . Ž . Ž . for each x g Bd X , Tx : X implies that 1r Tx q 1 y 1r 0 : Int X for each ) 1, which says
Ä 4
Tx l x : ) 1 s for each x g Bd X .
Ž .
Ž . Therefore by putting U s Int X in Theorem 3.5, we see that T has a fixed point.
MATCHING THEOREMS FOR COVERINGS OF CONVEX SETS
In this section we first deduce a matching theorem for closed coverings by using some results in the previous section. A matching theorem for open covering is also established. 
Each Gx is a nonempty compact convex subset of X. This completes the proof.
We now establish the following KKM-type theorem, which is equivalent to the matching theorem after it. 
For any x in X, Fx is compactly closed in Z.
F is a generalized S-KKM mapping with respect to T.
Ž . Ž . 
which says that G is a generalized S-KKM mapping with respect to T, and Ä 4 so Gx: x g X has the finite intersection property. Consequently,
Ž . Ž .
once we note that each Gx is a compact subset of T coS X . Therefore,
As a consequence of the above theorem, we obtain the following generalization of the Ky Fan matching theorem. 
T g S-KKM X, Y, Z such that T coS X
is compact in Z. Ž . Ž .
Ž .
For each x in X, Gx is compactly open in Z.
Noting that G c x is compactly closed for each x g X, we see that all of the requirements in Theorem 4.3 are satisfied by S, T, and G c . Thus
We apply Theorem 4.3 to prove Theorem 4.4. However, these two theorems are equivalent. For this, suppose that the conclusion of Theorem 
Ž .
Ž . Ž . Ž . This completes the proof.
If X is contained in a convex subset Y of a topological vector space E and if f is the inclusion mapping of X into Y, then the above corollary w x reduces to Ky Fan 10, Lemma 1 .
GENERALIZATION OF THE FAN᎐BROWDER FIXED-POINT THEOREM
In this section we apply Theorem 4.3 to establish the following KKM-type theorem, wherewith the famous Fan᎐Browder fixed-point theorem is deduced. there exist a finite subset x , . . . , x of X and a z g T co sx , . . . , sx When X is a nonempty compact convex subset of a topological vector Ž space, the above corollary is just the Fan᎐Browder fixed-point theorem cf. w x . 4, Theorem 1 .
